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ABSTRACT: The effect of chain stiffness and entanglements on deformation properties of end-linked
networks was investigated using Monte Carlo simulations. Tetrafunctionally cross-linked monodisperse
networks were prepared in the framework of the bond fluctuation model (BFM). The degree of
entanglement in these networks was tuned by changing the initial polymer concentration at curing (Φ0).
The chain stiffness was controlled by using an adjustable bond angle bending potential. Continuum-
space simulations of isotropic swelling and uniaxial deformation were carried out in isobaric and isostress
ensembles, respectively. Both equilibrium swelling and stress-strain data indicate that the stiffer chain
networks are more entangled, confirming previous simulation results on polymer melts. For such entangled
networks, stiffer chains are associated with a higher elastic modulus and smaller equilibrium swelling;
the opposite is true, however, for entanglement-free “diamond” networks. The elastic modulus determined
from low-strain uniaxial deformations agrees with semitheoretical predictions for moderate chain stiffness,
but not for very stiff chains. For the realistically cross-linked (and hence entangled) networks studied
here, the theoretically predicted strain-induced discontinuous ordering transition was not observed,
although the transition region becomes narrower for the least entangled networks made from the stiffest
chains. Entanglement-free diamond networks do exhibit a discontinuous transition from a disordered
state to a nematic-like state under uniaxial extension.

1. Introduction

The elastic and swelling properties of isotropic poly-
mer networks have been extensively studied using
theory1-14 and, to a lesser extent, by simulations.15-25

The earliest theories like the affine1,2 and phantom3,4

models accounted only for the entropy changes in
network chains on deformation and were somewhat
successful in describing qualitatively the behavior of
real networks at small strains. More complex theories
account for trapped entanglements by restricting cross-
link motion5-9 or by restricting chain motion by con-
straints along the chain contour.10-14 However, polymer
networks are inherently complex systems, and no cur-
rent theory can satisfactorily explain all aspects of their
behavior. Recently, there has been interest in networks
made from semirigid or less flexible chains due to their
potential applications as stress-optical switches, strain
temperature devices, and membranes with regulated
permeability.26 These systems are even more compli-
cated than the ordinary networks, and there is a limited
amount of theoretical studies.27-31 Warner et al.30,31

studied nematic elastomers using a nematic mean-field
type of interaction, while Mark et al.27-29 used a more
realistic approach that includes semiflexible chains with
excluded-volume interactions. The main prediction of
these studies is an order-disorder transition under
strain. Mark et al.’s study27-29 (which is more closely
related to our simulated systems) predicts a phase
transition to an ordered state upon uniaxial extension.
(One of the possible conditions for such a transition is
when their stiffness parameter, x, is approximately 5
or greater for a chain length of 20 Kuhn segments at a
strain of 500%.) A phase transition is indeed observed32

in experiments involving poly(diethylsiloxane) (PDES)
elastomers where an aligned mesomorphic state appears

as a neck on uniaxial extension. However, it has been
shown that the neck contains conformationally disor-
dered crystalline domains surrounded by an amorphous
matrix rather than the nematic liquid crystalline struc-
ture predicted by the above theory. Liquid crystalline
elastomers also show an isotropic-nematic transition
under strain.33

Molecular simulations can, to some extent, overcome
the drawbacks of theories by explicitly incorporating
relevant details of the network structure and by making
available both the macroscopic deformation properties
and the conformational properties of network chains.
Kremer et al. used molecular dynamics (MD) to calcu-
late the elastic modulus of end-linked polymer networks
using a Rouse mode analysis in the undeformed state15,16

and by monitoring the network relaxation after a small
deformation.17,18 Kenkare et al.19 used discontinuous
MD to study network properties like chain configura-
tions, mean-square displacements of segments, and the
elastic modulus (by Rouse mode analysis). Hölzl et al.
found20 significant nonaffine deformation behavior by
using an on-lattice model. Everaers used idealized
diamond lattice networks in MD simulations to isolate
the effect of entanglements on the local dynamics and
elastic properties of cross-linked polymer melts.21 There
have been some recent simulations of the swelling of
athermal gels with explicit solvent.22-24 Chen et al.25

recently implemented a new hybrid lattice-continuum
method to prepare and deform end-linked networks and
used it to study the effect of entanglements on the
elastic behavior of flexible chain networks.

There have also been some simulation studies on the
phase behavior of un-cross-linked stiff-chain macromole-
cules.34-37 It has been found that an isotropic-nematic
transition is seen only if the density, chain stiffness, and
chain length are all greater than some threshold values.
To the best of our knowledge, no simulation study has* Corresponding author. E-mail: fe13@cornell.edu.
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been carried out to investigate the behavior of stiff-chain
macromolecules in a cross-linked network form.

The goal of this work is to investigate the effect of
the chain stiffness and the degree of entanglements on
the elastic properties of end-linked networks. The strain
induced order-disorder transition in PDES described
earlier is not seen in poly(dimethylsiloxane) (PDMS),
which is chemically very similar. One of the factors that
distinguishes PDES from PDMS is an increased chain
stiffness (as seen from persistence length measurements
for these polymers38 and explained by the presence of
bulkier side groups on the PDES backbone). This
simulation study can shed light on the extent to which
chain stiffness is responsible for the unusual behavior
of PDES. Also of interest is the effect of entanglements
because stiffer chains have been predicted to be more
entangled in a MD simulation study39 and in several
theoretical models (e.g., see ref 40). In such models, the
entanglement length Ne for long chains of N segments
is found to scale with the end-to-end distance Ree as Ne
∝ Ree

-ú, where ú is a positive number. For chains of
equal N, this relation predicts a lower Ne (i.e., more
entanglements per chain) as stiffness and Ree increase
(though the predicted scaling is not applicable to our
relatively short-chain systems). This dependence of
entanglements on chain stiffness can be explained by
viewing the entanglements as interactions between
chains that strongly hinder molecular motion and
conformational changes. Increasing chain stiffness leads
to a decrease in local conformational mobility and to
more extended configurations relative to flexible chains;
these two effects could enhance both the strength and
the extent of such motion-hindering interactions. (Of
course, a different physical picture would arise for
extreme stiffness.) Because some of the entanglements
are trapped upon chain cross-linking, they are expected
to have a significant effect on the properties of semi-
flexible chain networks.

We varied two “design” parameters in our simulated
systems: chain stiffness and the precursor chain con-
centration. Chain stiffness was tuned by employing an
adjustable bond-angle bending potential. Precursor
concentration was set by changing the volume of the
simulation box while keeping the number of chains
fixed. This concentration was maintained constant
during the cross-linking process and allowed us to
control the extent of trapped entanglements in the
system. The precursor chain length was fixed, and the
cross-linking “times” were adjusted such that structural
differences between the many networks prepared are
minimized. By comparing networks with the same
amount of elastic material, we were able to isolate the
effect of chain stiffness and entanglements on network
behavior. The simulated networks were prepared on a
lattice using the bond fluctuation model (BFM)41,42 with
Monte Carlo moves that mimic diffusive dynamics.
Simulations of network swelling and uniaxial extension
were carried out in a continuum using the isobaric
(constant NPT) and isostress (constant NPzPxyT) en-
sembles, respectively. We would like to emphasize that
our networks have realistic architectures, and the
simulation methods for network formation and defor-
mation closely mimic the corresponding experiments.

Our results support previous simulation data39 show-
ing that stiffer chains contain more entanglements; as
a result, our stiffer chain networks tend to be “tougher”,
i.e., they exhibit a larger elastic modulus. However, we

also find that completely removing the entanglements
(by using a network with a perfectly tetrafunctional
chain connectivity) actually renders the stiffer-chain
networks “weaker” than the corresponding flexible-
chain networks. Upon uniaxial stretching, we find that
trapped entanglements cause a broadening of the
order-disorder transition region in the stress domain,
thereby opposing the occurrence of a first-order transi-
tion. Entanglement-free model networks of stiff chains
do undergo a discontinuous strain-induced transition to
a nematic phase.

In the following section we describe the hybrid method
of Chen et al.25 and the modifications needed for our
systems. In the section after that we present and discuss
our results for swelling and for small and large uniaxial
deformations. In the last section we summarize our
main conclusions.

2. Simulation Methodology

2.1. Preparation of Sample Networks. We used
the three-dimensional lattice BFM to prepare our
sample networks of athermal 50-mer chains. Periodic
boundaries in all three directions were used to reduce
system size effects and to eliminate interfacial effects.
All systems have 142 chains and 78 tetrafunctional
cross-links, so that the stoichiometric ratio of cross-link
sites to precursor polymer chain ends is r ) 1.1. This
ratio has been shown to be the optimal ratio that
minimizes topological defects for fully flexible chain
networks in a previous simulation study.43 We have
adopted the same value of r for our semiflexible chain
networks, as the optimal values are not known for such
systems. The networks are formed at three different
concentrations Φ0 ) 1.0, 0.5, and 0.25, where Φ0 is
defined as the volume fraction:

where φ ) 8νNt/V is the fraction of occupied volume in
the lattice, Nt ) nN + C is the total number of sites in
the system, N ()50) is the number of monomers per
precursor chain, n ()142) is the number of precursor
chains, C ()78) is the number of cross-links, ν is the
volume of a lattice site, V is the lattice volume, and 8 is
the number of lattice sites occupied per mer. φ0 is the
value of φ at the actual conditions of network formation,
and φmelt is the value of φ at melt conditions (≈0.46) in
the BFM.42 Systems with Φ0 < 1 then correspond to
solution conditions where 1 - Φ0 is the solvent volume
fraction. We confirmed that even the lowest Φ0 adopted
here is greater than Φ*, the volume fraction at the
overlap concentration (see Table 1).

We introduced chain stiffness using a bending poten-
tial of the form36,44

where kb is an adjustable bending parameter (in units
of kBT, where kB ) Boltzmann constant and T )
temperature) and ψ is the bond angle formed by three
consecutive monomers on a chain. This potential ener-
getically penalizes the smaller bond angles, and the
severity of the penalty varies with kb. A value of kb ) 0
corresponds to fully flexible chains while kb ) 5 corre-
sponds to very stiff chains. We can relate kb and the

Φ0 ) φ0/φmelt (1)

Eb ) kb(1 + cos ψ) (2)
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persistence length Lp by44

where b is the average bond length and 〈 〉 denotes an
ensemble average for a system with a given kb. For an
ideal chain with no excluded-volume interactions, 〈cos
ψ〉 can be found analytically from 〈cos ψ〉 ) ∫0

πcos ψ
exp(-Eb) d(cos ψ)/∫0

πexp(-Eb) d(cos ψ). The curves of
kb/kBT vs Lp/b from simulation (of the continuum model
described in section 2.2) and for the ideal chain are
presented in Figure 1. By knowing the persistence
lengths38 of polymer species, one can determine kb
values that correspond to those species. For example,
assuming that PDMS chains are fully flexible, kb ) 0,
and from Figure 1 we get Lp-PDMS/b ) 1.26; since we
know38 that Lp-PDES/Lp-PDMS ) 1.256, it follows then
that Lp-PDES/b ) 1.26 × 1.256 ) 1.59, and from Figure
1 we get kb ≈ 1 for PDES. In this study, we have used
kb values of 0, 2, and 5.

The first step in network formation is the insertion
of all the chains and cross-linkers into the simulation
box. This system is then equilibrated at the desired
volume fraction by using monomer and cross-linker hop
moves. Afterward, curing is done by forming bonds
when an unsaturated chain end and a cross-linker move
into neighboring positions. The cure process is stopped
when a negligible soluble fraction (<0.5%) and a large
percentage of elastic material (>90%) are obtained. We
varied the length of the cure simulations in such a way
that all the systems prepared had the same number of

elastic chains ()127). To compare our results with those
of entanglement-free systems, we have used “diamond”
networks in some of our simulations. A diamond net-
work is an entanglement-free idealization of a tet-
rafunctional network in which all cross-links are satu-
rated, and they would lie at the nodes of a diamond
lattice when all the chains are fully stretched.

It should be noted that the Monte Carlo method
adopted for network cross-linking (with its purely local
moves) is known to mimic diffusive motion and produce
results for dynamic behavior that are fully consistent
with those from molecular dynamic simulations.20,43

2.2. Network Deformation. Here, we used a con-
tinuum-space network model to allow for changes in the
box volume and box side lengths to proceed in a
continuous manner. The chain monomers and the cross-
linkers were modeled as beads of uniform diameter σLJ.
The bond length b was allowed to fluctuate within a
range: σLJ - ∆b e b e σLJ + ∆b where ∆b ) 0.2σLJ;
this is done to take into account the coarse-grained
nature of the monomers and to facilitate the motion of
multifunctional sites. Nonbonded beads interact via a
purely repulsive Lennard-Jones (LJ) potential:

where r is the distance between two beads, rc ) 21/6σLJ
(the minimum in a normal LJ potential), r0 ) 0.85σLJ
is an overlap distance, and ε is the LJ energy parameter
which is set such that the reduced temperature, kBT/ε,
is unity. This repulsive molecular model takes into
account excluded-volume effects, and for a swollen
system, it describes a polymer network in a good
“implicit” solvent because attractive interactions be-
tween the polymer and the solvent give rise to an
effective repulsion among polymer beads. The same
bending potential used in the BFM lattice model (i.e.,
eq 2) is also used here.

To bridge the gap between the lattice BFM cure
method and the off-lattice deformations, we need to
transform the lattice coordinates of each BFM network
into continuum coordinates. The system volume is
scaled by a suitable ratio so as to maintain the same
polymer volume fraction in both representations. This,
however, does not bring all bond lengths within the
specified continuum range (σLJ - ∆b e b e σLJ + ∆b),

Table 1. Various Properties of the Networks Used in the Deformation Studiesa

kb Φ0 NL NP NX2 wsol Nelast Rg
2 Ree

2 ψavg Φ* Ne

0 1.0 2 6 7 0 127 81.4(0.7) 487(15) 98.2 0.283 32
2 1.0 2 5 8 0 127 166(3) 1023(22) 127.4 0.097 13

0.5 0 6 9 0 127 183(6) 1147(63) 128.0
0.25 1 10 4 0 127 195(2) 1228(25) 128.8

5 1.0 0 4 11 0 127 269(2) 1786(18) 147.3 0.047 6
0.5 1 6 8 0 127 384(4) 2605(48) 148.1
0.25 1 8 6 0 127 402(4) 2767(58) 148.5

a NL is the number of single chain loops, NP is the number of pendent chains, NX2 is the number of cross-links having two connections,
wsol is the soluble fraction, Nelast is the number of elastic chains [Nelast ) {(1 - wsol)n - NL - NP - NX2}], Rg and Ree are the radii of
gyration and end-to-end distances from the BFM systems with the terms in parentheses showing the uncertainty in the values, ψavg is
the average bond angle for the BFM systems, Φ* is the overlap volume fraction as calculated from Rg

2 at Φ0 ) 1 (note that all systems
are far from the dilute regime), and Ne is the entanglement length for continuum melts. These Ne values39 correspond to a slightly different
chain model than the one considered in this work and thus not exactly transferable; however, they are expected to be very good estimates
for our systems.

Figure 1. Chain stiffness parameter kb (reduced by kBT) vs
the resulting persistence length Lp (reduced by the bond length
b) as determined from simulations at meltlike densities
(symbols) and for an ideal semiflexible chain (dashed line).
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Lp ) b/(1 + 〈cos ψ〉) (3)
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and the system is relaxed further to achieve that. The
network topology and chain structure obtained by curing
in the BFM lattice are preserved upon this transforma-
tion. Note also that chain statistics like the end-to-end-
distance and entanglement lengths for continuum mod-
els almost identical to ours39 and for the BFM42 are
known to be very similar.

The system relaxation is done via “hop” and “flip”
moves. Hop moves are similar to those employed in the
BFM. In such a move, a randomly selected bead is
displaced in a random direction by a random distance.
The new position is accepted if the bond length con-
straints are preserved, and the conventional Metropolis
criterion (based on the energy change) is satisfied. These
moves are effective even for the cross-linkers that are
usually tri- and tetrafunctional sites. Flip moves involve
random rotation of one bead around an axis passing
through the centers of its two neighbors and are used
exclusively for bifunctional sites. Networks are de-
formed using volume moves that change the dimensions
of the box. Conventional volume moves45 that rescale
the center of mass positions of single molecules with box
size cannot be used in the case of cross-linked networks,
as the entire system is essentially one molecule. Hence,
we used highly efficient cluster volume moves to deform
our networks.23 The details of these moves and evidence
of their good efficiency can be found elsewhere.25

It is important to point out that the pseudo-dynamic
MC moves we use preclude interchain crossings. The
energy barriers for such chain crossings are high; in fact,
the barrier for the unlikely situation when two crossing
bonds are completely stretched and perpendicular to
each other is infinity [given the overlap distance r0
adopted in eq 4], and it is O(102 kBT) for configurations
near that. Also, no single move can just bypass the
energy barriers involved in chain crossings because any
successful MC move (flip, hop, or volume move) entails
only a small perturbation to the original configuration
(i.e., a small bead displacement).

There are essentially two properties that require the
use of box deformations: swelling and stress-strain
curves. In equilibrium swelling with an implicit solvent,
a uniform osmotic pressure P* ) PσLJ

3/ε is applied in
all three directions; in this case, the box deformations
are isotropic (i.e., the box remains cubic in shape). This
osmotic pressure serves here the same role as the
chemical potential (µ) in a constant µPT simulation with
explicit solvent and equilibrium swelling corresponds
to P* ) 0.25 Stress-strain curves require anisotropic
uniaxial deformations. For the uniaxial deformation
runs, the off-lattice samples (with adjusted bond lengths)
were first equilibrated at a melt density (F ≈ 0.8, where
F ) Nt/V is the network bead number density and V is
the simulation box volume) by performing isotropic NPT
simulations. A pressure P* ) 3.0 was used for these
simulations as it gives the desired equilibrium density
of F ≈ 0.8. To induce uniaxial stretching, a smaller
pressure is applied in the z direction (Pz) while the
pressures along the x and y directions, Px and Py, are
kept unchanged. Uniaxial compression is achieved by
increasing Pz relative to Px and Py. The net stress σ
along the z direction is {(Px + Py)/2 - Pz}, and the force
applied on the sample along the z direction is f ) σLxLy,
where Lx and Ly () Lx) are the x and y dimensions of
the network, respectively. The strain, λ, is given by λ )
Lz/Lz,0, where Lz,0 and Lz are the z dimensions of the
network before and after deformation. The stress values

reported here for σ are made dimensionless by multiply-
ing them by σLJ

3/kBT. It should be noted that the
equilibrium Monte Carlo methods adopted here offer a
substantial advantage over molecular dynamics in ef-
ficiently simulating the network properties of interest.

A net orientation of chain segments along the strain
axis can occur when a network is uniaxially stretched;
this net alignment can be detected by the average
segmental order parameter S that is calculated as

where θ is the angle between the orientation of chain
segments and the strain axis, P2 is the second Legendre
polynomial given by (3 cos2 θ -1)/2, and the average is
over all segments. We have also analyzed the distribu-
tions of order parameter values obtained on a segmental
basis and on a chain basis (i.e., averaged over all
segments in individual chains).

3. Results and Discussion
The most important properties of all the networks

used in this study (except the diamond networks) are
listed in Table 1.

3.1. Swelling. The equilibrium swelling volume frac-
tion Φeq for our various networks is calculated as

We used the bead density value from the “dry” networks
for Fmelt (≈0.8). Figure 2 shows the simulated equilib-
rium swelling volume fraction as a function of the chain
stiffness and the preparation volume fraction. It is
observed that, at equilibrium conditions, the networks
prepared at higher Φ0 and those having stiffer chains
swell less. (The volume of swollen networks is inversely
proportional to Φeq.) The figure also shows the results
for the diamond networks, and in this case the trend is
reversed, i.e., the stiffer chain networks swell more.

As all our realistically cross-linked samples have a
similar topological structure, the difference in swelling
behavior can only be explained by the difference in the
extent of trapped entanglements and chain stiffness. A
network cured at a higher Φ0 more readily traps
entanglements than one cured at a lower Φ0; more
entanglements entail less swelling. Further, the fact
that stiffer-chain networks swell less than flexible chain

Figure 2. Equilibrium swelling volume fraction Φeq as a
function of the chain stiffness kb for various precursor volume
fractions Φ0. Also included are results for the diamond
networks. The lines are drawn as guides to the eye. Error bars
are commensurate to the symbols sizes.

S ) 〈P2(cos θ)〉 (5)

Φeq ) Feq/Fmelt (6)
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networks is consistent with theoretical40 and simulation
studies39 showing that stiffer chains are more entangled.
The opposite trend observed for the diamond networks
can be explained by the fact that they have no trapped
entanglements. Because the solvation forces are identi-
cal irrespective of the chain stiffness, the swelling
behavior solely depends on the relative change in the
energy and entropy of the chains. By stretching out, the
stiffer chains lose entropy, but they also reduce the
bending energy by increasing the average value of the
bond angle (see eq 2). The absence of trapped entangle-
ments in the diamond networks allows the chains to
readily achieve stretched conformations. This, however,
is not true for the entangled networks where entangle-
ments dominate irrespective of the cure volume fraction
and restrain the chains from achieving a stretched out
conformation.

The equilibrium swelling data for the entangled
networks have been fitted (Figure 3) to a relation of the
form Φeq ∼ Φ0

ú, yielding ú ≈ 0.8 for both kb ) 2 and 5.
It has been previously found25 that ú ) 0.55 for kb ) 0
(for the same chain length N ) 50). Also, for entangle-
ment dominated networks (i.e., where the number of
entanglements per chain is far greater than the number
of chemical cross-links per chain), the theoretically46

predicted scaling exponent is ú ) 1.0. These various
exponent values can be explained by considering the
entanglement lengths for chains of varying stiffness.
These entanglement lengths can be derived by looking
at the crossover from Rouse to reptation regimes of the
mean-squared displacement, g(t), and have been found
to be Ne ) 32, 13, and 6 for kb ) 0, 2, and 5,
respectively.39 This decrease in Ne with increasing kb
can be explained by the increasing radius of gyration
of the chains (see Table 1). Stiffer chains span more
volume in space than more flexible chains of the same
contour length and therefore interact with more of their
neighbor chains at a given system density. It follows
from the Ne values that the networks with kb ) 2 and
5 are closer to being entanglement dominated (with
about 4 and 8 entanglements per chain, respectively)
than the fully flexible networks (1-2 entanglements per
chain) and therefore yield a scaling exponent closer to
1.0. (It should be noted that several approaches exist
to estimate Ne which can give different results. For fully
flexible chains, Pütz et al.47 found that Ne values from

g(t) were smaller than those from the stress decay on a
step elongation by a factor of about 2.3. For this work,
we chose to use the g(t)-based Ne values as no alterna-
tive estimates are available for semiflexible chains, and
we are mainly interested in the relative changes of Ne
with kb.)

3.2. Low-Strain Uniaxial DeformationsModulus
Calculations. The simulated stress vs strain data are
shown in Figure 4 in the Mooney-Rivlin form for kb )
5 and 2 and Φ0 ) 1.0, where

The λ-1 > 1 regime corresponds to uniaxial compression,
and the value of σ* at the point where the data trend
intersects the λ-1 ) 1 line corresponds to the shear
modulus G ()E/3, where E is Young’s modulus; values
of G are in units of kBT/σLJ

3). We obtain the following
values by interpolation: G(2) ≈ 0.055 and G(5) ≈ 0.18.
(The superscripts correspond to the kb values.) A previ-
ous study25 found G(0) ≈ 0.0265. (This value was
calculated for a network with a different number of
elastic chains, but it is valid here as the modulus is an
intensive property and the elastic fraction is similar to
that in the current study.) The net effect is that the
elastic modulus increases with chain stiffnesssagain
consistent with the prediction of increased entangle-
ments with chain stiffness.39,40 Other noticeable effects
from Figure 4 are (i) an increase in σ* with compression
ratio, which is in contrast to a relatively flat region in
the compression regime that has been observed experi-
mentally48 and in simulations25 for flexible polymers,
and (ii) a sharp upturn in σ* as a function of strain that

Figure 3. A log-log plot of the equilibrium swelling volume
fraction (Φeq) as a function of precursor chain concentration
at curing (Φ0). The slopes of the best-fit straight lines are about
0.8 in both cases (kb ) 2 and 5).

Figure 4. Mooney-Rivlin representation of uniaxial exten-
sion and compression data for networks formed at melt
conditions (Φ0 ) 1.0) for (a) kb ) 5 and (b) kb ) 2.

σ* ) σ/(λ2 - λ-1) (7)
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starts near λ-1 ) 1 (in the extension regime); this means
that the linear region is small, consistent with the
highly entangled nature of these polymers.

To obtain semitheoretical estimates of the shear
modulus, we divide the modulus into contributions from
chemical cross-links and trapped entanglements based
on the equation49

where Gc is the cross-link contribution and Ge is the
entanglement contribution. Te is an entanglement slip-
page factor that may be assumed to be equal to 1.0
because the soluble fraction in our systems is negli-
gible.49 Gc only depends on the concentration of the
cross-linkers in the system and, therefore, is the same
for all values of kb (i.e., Gc

(0) ) Gc
(2) ) Gc

(5)). We can
therefore use the cross-link contribution obtained from
the application of Rubinstein-Panyukov50 (RP) equation
to fully flexible chain networks.25 The cross-link and
entanglement contributions are, in this case, Gc

(0) )
0.0115 and Ge

(0) ) 0.015. We now estimate the entangle-
ment contribution for our semiflexible networks as

Using the entanglement length values mentioned previ-
ously (see Table 1), we can estimate the shear elastic
modulus for our semiflexible networks. As shown in
Figure 5, these estimates match the simulated moduli
well for kb ) 0 and 2 but not for kb ) 5. It should be
noted that we have considered only the cross-link and
entanglement contributions to the modulus (which are
basically entropic in nature) while neglecting any effect
from the stiffness of the chains (other than its effect on
Ne). In all likelihood, the kb ) 5 chains are too stiff to
be described by the treatment outlined above, and a
more detailed theoretical study of the effect of chain
stiffness (and entanglements) on network elasticity is
needed.

To further elucidate the effect of entanglements, it
would be instructive to simulate the shear moduli of
diamond networks. However, uniaxial stretching simu-
lations of diamond networks are difficult, especially at
small strain. This is because diamond networks have
no internal constraints for chain motion other than the
cross-links, resulting in large fluctuations of the simula-
tion box dimensions under a small uniaxial stress and
thus very inaccurate strains. To overcome this difficulty,

we added internal “restoring forces” to the diamond
networks via a small attractive region in the interpar-
ticle potential, created by changing the potential cutoff
in eq 4 from rc ) 21/6σLJ to 1.2σLJ. Such systems are now
thermal (with a reduced temperature set to kBT/ε ) 0.3)
and, as such, not directly comparable to the athermal
systems under consideration thus far. However, these
weakly thermal diamond networks are expected to
qualitatively behave like the athermal systems and to
properly capture the effect of completely removing
entanglements. Our preliminary modulus results51 for
kb ) 2 and 5 are approximately in a 2:1 ratio, which
shows consistency with the swelling behavior of ather-
mal diamond networks (shown in Figure 2); i.e., dia-
mond networks of stiffer chains have a lower modulus
than those of flexible chains.

3.3. Large-Strain Uniaxial DeformationsMea-
suring Order. The complete stress vs strain data for
our realistically cross-linked networks are plotted in
Figure 6. The cure volume fraction, Φ0, is kept constant
in Figure 6a while the stiffness, kb, is kept constant in
Figure 6b. An upturn in the stress is observed at higher
values of strains, which can be associated with chains
losing their configurational freedom. It is also seen that
increasing stiffness causes this upturn to become sharper.
Because of their greater configurational freedom, flex-
ible chains can more readily rearrange their conforma-
tion to reduce their motion-restraining interactions with
other chains; i.e., they allow entanglement “slippage”
more easily than stiff chains. Also, note that stiffer
chains have a less ideal (Gaussian) conformational
behavior because they are shorter (in units of persis-
tence lengths) than flexible chains; e.g., the numbers
of persistence lengths (Nb/Lp) per 50-mer chain at melt
conditions are ∼40, 21, and 10 for kb ) 0, 2, and 5,

Figure 5. Comparison of simulated network elastic moduli
and their semitheoretical estimates.

Figure 6. Stress-strain relations: (a) Φ0 ) 1.0, kb ) 0, 2, 5;
(b) kb ) 5, Φ0 ) 0.25, 0.5, 1.0. Error bars are commensurate
to twice the symbols sizes. Lines are drawn to guide the eye.

G ) Gc + TeGe (8)

Ge ) GcN/Ne (9)
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respectively. This can also be seen from Table 1, where
the ratio of chain end-to-end distance to radius of
gyration increases from 61/2 to almost 71/2 as the stiffness
parameter kb increases from 0 to 5. Reducing the cure
volume fraction causes the stress upturn to appear later,
i.e., at a higher strain. This is because networks cured
at a lower Φ0 have less trapped entanglements and
therefore more loosely coupled chains; this allows for
greater strains to occur before the finite extensibility
limit of some of the chains is reached.

We now examine the extent of strain-induced ordering
in the networks. Figure 7 shows the segmental order
parameter S (eq 5) as a function of (λ2 - λ-1) for a
precursor volume fraction Φ0 ) 1 and for kb ) 0, 2, and
5. In all cases, a clear increasing trend is observed for
S with strain. The fact that S values for kb ) 0 are much
smaller than those for kb ) 2 and 5 at the same strain
indicates that chain stiffness plays a major role in
promoting incipient nematic-like order (S g 0.4). Note
that none of the data trends are linear as the strains
involved are large and clearly not within the linear
regime.

Figure 8a shows the segmental order parameter S as
a function of λ for kb ) 2. It is seen that for equal strain
the networks cured at a higher Φ0, i.e., the more
entangled systems, are more ordered; this trend was
also observed by Chen et al.25 for fully flexible chains.
A similar but smaller effect is also observed for kb ) 5
(results not shown). For a given strain then, more
entanglements seem to foster ordering on a macroscopic
scale by causing the chains to interact more closely with
each other; stronger interchain interactions lengthen
the range of their bond-orientation correlations. Figure
8b shows the segmental order as a function of stress
for kb ) 5. For a given stress, a more entangled network
(larger Φ0) orders significantly less (lower S), primarily
because of a smaller strain. Such an effect, however, is
almost absent for the kb ) 2 system (results not shown),
which underlines the higher proclivity for ordering in
the kb ) 5 system. In fact, it is observed that for the
least entangled, stiffer-chain system (i.e., for Φ0 ) 0.25
and kb ) 5) both strain and order increase very rapidly
at rather small stresses. Had such increases been
discontinuous, they would have signaled a first-order
ordering transition.

The order parameter of a stretched network reaches
the approximate nematic threshold value of S ≈ 0.5 for
a system-dependent value of the stress σnem. Because S
) 0 for σ ) 0, a larger value of σnem can be associated

with a broader isotropic-nematic transition region.
Cleary, a larger number of trapped entanglements will
increase σnem since entanglements resist network de-
formation. Note also that trapped entanglements act
uniformly throughout the system, are unlikely to com-
pletely slip away upon strain or ordering, and tend to
lock in local disorder. This entanglement effect on σnem
is consistent with the fact that a steeper (and potentially
abrupt) change of S with stress is observed for a smaller
Φ0 (as in Figure 8b).

Figure 9 shows the segmental S values for all the
bonds in an entangled network with kb ) 2 and Φ0 )
1.0. Also shown is the distribution expected for a
random segment orientation (in which the fraction of
segments corresponding to a particular angle θ with
strain axis is proportional to sin θ). Expectedly, it is seen
that the fraction of the most ordered segments increases
with increasing stress. Note also that there is a signifi-
cant fraction of nonoriented segments even at the
highest stresses. It can be suggested that these disor-
dered segments correspond to entangled regions along
the chains that are restrained from aligning by their
interactions with other chains. Figure 10 shows the
distribution of the chain population according to their
S values (averaged over the entire chains) for the same
network (with kb ) 2 and Φ0 ) 1.0). The data are
sharply peaked at low stress, and the peak broadens
with increasing stress. Upon stretching, a critical strain
is reached beyond which a few chains become strongly
aligned and severely limit further extension (resulting
in an upturn in stress), while a large population of
chains remains weakly aligned. For this system, the
upturn occurs near σ ) 1 (see Figure 6a) where a few

Figure 7. Segment order parameter S as a function of (λ2 -
λ-1) for kb ) 0, 2, 5 and Φ0 ) 1.0

Figure 8. Segment order parameter S as a function of (a) λ
for kb ) 2 and (b) σ for kb ) 5.

3930 Bhawe et al. Macromolecules, Vol. 37, No. 10, 2004



chains are seen to attain S values near 0.8 in Figure
10. This effect can also be seen in some system “snap-
shots” shown in Figure 11. Two stress values are
considered: σ ) 2 [λ ) 3.86 - (a)] and σ ) 3 [λ ) 4.31
- (b), (c)]. Parts (a) and (b) show only those chains with
chain order parameter values greater than 0.7, i.e., the
most aligned chains. Part (c) depicts chains with chain
order parameter values less than 0.35, i.e., the least
oriented chains. It is seen that with increasing stress
more and more chains are highly stretched and inhibit
additional elongation of the sample. Note that the
stretched chains in Figure 11b seem to span continu-
ously (i.e., as if interconnected) the length of the
simulation box, suggesting that they could be prefer-
ential stress carriers. It can also be seen that both the
most and least oriented chains are more or less uni-
formly distributed throughout the system, though the
least oriented chains seem to have less uniformity.

Our results also complement previous simulation
studies of un-cross-linked semiflexible polymer melts.34-37

The isotropic-nematic transitions that are observed in
un-cross-linked systems (in the absence of strain) are
made possible because the entanglements are not
spatially trapped and can eventually redistribute and

even diminish. The theoretical predictions mentioned27-29

previouslysthe appearance of an isotropic-nematic
transition for stiff chain networks at high strains
(∼500%)sdo not consider entanglements. They also
make the unreliable assumption of affine deformation.
Naturally, these theoretical studies are not directly
applicable to our entangled systems, which provide a
more realistic description of end-linked chain networks.
Mark et al.’s theoretical model27-29 should, however, be
well suited to describe the behavior of networks with
little or no entanglements. As indicated earlier, our Φ0
) 0.25, kb ) 5 network from Figures 6b and 8b exhibited
a fairly abrupt change of order with stress, and one
could expect to observe a discontinuous order-disorder
transition in our diamond networks. Such an expecta-
tion is confirmed by our preliminary results for 20-mer
diamond networks shown in Figure 12 (using the
modified potential cutoff described at the end of section
3.2). A first-order transition can be seen in the σ vs λ
plot for kb ) 5 in the region where the strain changes
discontinuously from λ ≈ 1.8 to λ ≈ 3 at an almost
constant stress. In the S vs σ plot for kb ) 5, it is clear
that S increases steeply before the transition and then
remains almost constant at a nematic-like value of
∼0.57 (a behavior markedly different from that of the
kb ) 2 network). It should be noted that even though
an order-disorder transition is observed in these dia-
mond networks, no theoretical predictions are available
for equivalent systems to draw any direct comparison.
(Our transition strain value is much lower than those

Figure 9. Histogram showing the distribution of segments
according to their individual S values. The numbers represent-
ing various data series denote the stress applied on the sample;
in all cases, kb ) 2 and Φ0 ) 1.0. The “random” line is the
distribution expected for randomly oriented segments.

Figure 10. Histogram showing the distribution of chains
according to the S values averaged over the chains. The
numbers representing various data series denote the stress
applied on the sample; in all cases, kb ) 2 and Φ0 ) 1.0.

Figure 11. Selected snapshots of an entangled network (kb
) 2, Φ0 ) 1.0) undergoing uniaxial extension. The leftmost
image (a) is for σ ) 2 and λ ) 3.86. Images (b) and (c)
correspond to σ ) 3 and λ ) 4.31. Images (a) and (b) only show
chains whose chain order parameter is greater than 0.7. Image
(c) shows only shows chains whose chain order parameter is
less than 0.35. The apparent interruption in the conformations
of chains near the box sides is due to the periodic boundaries.
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reported thus far.27-29) More detailed and extensive
simulations for this kind of systems are currently
underway.51

For our realistically entangled networks, we observe
a gradual change from a random liquid phase to a
nematic liquid crystalline phase upon stretching, where
the density does not change appreciably. The absence
of a semicrystalline mesomorphic state (that has a
different density as compared to an amorphous melt)
means that chain stiffness alone is not enough to explain
the behavior of PDES elastomers. We expect that the
use of energetic interactions that favor aligned packing
of chains without contributing substantially to the
entanglements will better capture the mesophasic be-
havior of PDES networks.

4. Conclusions

We have conducted the first reported simulation study
on the effect of chain stiffness on the elastic properties
of polymer networks. We have successfully adapted the
simulation methods implemented by Chen et al.25 to
semiflexible chain polymer networks. The networks
were prepared by equilibrating and end-linking a sys-
tem of monodisperse 50-mer precursor chains on a
lattice. The chain stiffness was controlled by the stiff-
ness parameter kb ()0, 2, and 5) through a bending
potential. The extent of entanglements was controlled
through the precursor volume fraction (Φ0 ) 1.0, 0.5,
and 0.25). The resulting networks, having varying chain
stiffness and degree of entanglements, were subjected
to deformations using off-lattice isobaric and isostress
ensemble simulations.

The extent of swelling was observed to decrease with
increasing chain stiffness as a result of the correspond-
ing increase of entanglements. Reducing the volume
fraction at curing reduces the number of trapped
entanglements which increases swelling. It was found
that the exponent ú in (Φeq ∼ Φ0

ú) is about 0.8 for both
kb ) 2 and 5. This is close to the theoretical exponent
describing entanglement dominated networks (ú ) 1.0),
reflecting the fact that semiflexible chain networks are
closer to being entanglement dominated than their
corresponding flexible chain networks (of equal length).
The results from the diamond networks indicate that
the stiffer chain networks actually would swell more if
all the entanglements could be removed.

The shear modulus values for entangled networks, as
determined from the Mooney-Rivlin plots, increase
with chain stiffness. Semitheoretical estimates for the
shear elastic modulus were obtained through the use
of the RP50 model for the fully flexible network and the
simulation derived values of the entanglement molec-
ular weight Ne.39 It was found that these estimates
agree well with the simulations for fully flexible chains
(kb ) 0) and for moderately stiff chains (kb ) 2) but not
for the very stiff chains (kb ) 5). Completely removing
entanglements (as in diamond networks) causes stiffer
chain networks to have a lower modulus as compared
to flexible chains networks.

Order in the systems along the strain direction was
calculated using the segmental order parameter S. It
was found that increasing the degree of entanglements
(via a larger Φ0 or kb) is associated with more order for
systems at fixed strain, but with less order for systems
at fixed stress. While entanglements foster ordering to
some extent by causing the chains to interact more
closely with each other, they also increase the amount
of stress needed to attain a nematic-like ordering and
thus broaden the order-disorder transition region. It
is also found that some chain segments are too en-
tangled to order and align even under very high stress.
The origin of the observed sharp upturn in stress vs
strain data lies in the fact that some chains become
almost completely stretched beyond a critical strain and
severely limit further extension of the entire network.
Nearly athermal, entanglement-free diamond networks
do show a first order order-disorder transition at very
low stresses. Our results suggest that it should in
principle be possible to prepare realistically end-linked
networks from semiflexible chains (with kb ∼ 5 or larger)
at low enough Φ0 (Φ* < Φ0 < 0.25) to have so few
trapped entanglements to approach the behavior of
diamond networks and exhibit a discontinuous strain-
induced ordering transition. Work along this direction
is currently under way.

Our entangled network systems do not exhibit the
strain-induced ordering transition observed in PDES
elastomers, and therefore, chain stiffness alone is not
sufficient to describe the behavior of PDES. Our future
efforts on this issue are directed toward using an
interchain potential that promotes alignment between
chains.
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